In addition, all ϋ-modules will be unital /?-modules, and all homomorphisms are /Wiomomorphisms.
For any i?-module A, we define the homological dimension of A, denoted hd(^4), to be sup{w I Ext* (A, B) Φ 0, for some /{-module B).
Similarly, the injective dimension of A, denoted Ίά{A\ is defined as sup{w I Ext* (5, A) Φ 0, for some Λ-module B).
Then the global dimensions of/?, denoted D(/?), is given by suρ{hd(Λ()|,4 anjR-module};
we also have Ό(R) = suρ{id(Λ)|v4 an /?-module}, and Ό(R) = suρ{hd(/?//)|/ an ideal of R], by Theorems 9.12 and 9.14, respectively, of [11] .
Replacing the functor Ext£ with Tor *, we define the flat dimension of an /{-module A, denoted fd(^4), to be suρ{w|Tor£(yϊ, B) Φ 0, for some /^-module B}.
(Since R is commutative, Torf (A, B) ss Tor^ (5, ^4) .) Arising from the flat dimension of /^-modules we have the weak dimension of /?, denoted by WD(JR), and defined by suρ{fd(Λ)|;4 an jR-module}. Theorems 9.17 and 9.19 of [11] show, respectively, that in general wD(/ϊ) < D(/?), while if/? is Noetherian, wD(i?) = Ό(R).
Baer Modules.
Our first result is in part an extension of Kaplansky's theorem 1 in [7] . LEMMA 
Let A be an R-module such that Ext£(,4, T) = Ofor every torsion R-module T and some fixed positive integer n. Then (i) hd(Λ) < n; (ii) Ext£ {A, B) is a divisible R-module for any R-module B.
Proof. In proving (i), we follow Kaplansky's proof of Theorem 1 in [7\ and show that for any /ϊ-module C, Έxiγ\A, C) = 0. Given any Λ-module C, with D its injective envelope, we get an exact sequence (*)
0-C-»D->D/C-+0,
with D/C a torsion ϋ-module, and (*) gives rise to an exact sequence (**) Έxt%(A, D/Q-+ ExtJ + \A, C) -ExtJ + \A, D) 9 where the first member vanishes by the hypothesis, since D/C is torsion, and the third member vanishes since D is injective. Hence Ext R + \A, 0 = 0 and it follows that hd(^4) < n.
To establish (ii), let B be any i?-module, with tB its torsion submodule. For the given module A, the exact sequence (2) In [7] Kaplansky called torsion free Baer modules ί/F-modules and showed that if A is a tΛF-module then A is flat with hd(^) < 1. However, the proofs of neither of these two results necessitated that^l be torsion free. In addition, in the proof of Theorem 4.23 in [11] , the hypothesis that R is a Priifer domain, that is a domain R in which every finitely generated ideal of R is projective as an U-module, is not necessaey in proving that a flat jR-module is torsion free, and only required that R be a domain. Consequently, for any domain R Baer modules are torsion free and hence equivalent to Kapϊansky's t/F-modules. LEMMA Proof Ext^( , T) commutes with direct sums, for any torsion Rmodule T, and so we have (i) and (iϊ). Then, since a projective module is a direct summand of a free module, and the tensor product commutes with direct sums, (iii) follows from (i) and (ii). The proofs of (iv) and (vi) are likewise straightforward.
The following are satisfied for an arbitrary domain R:
Motivated by the homological definition of a Dedekind domain as one in which every ideal is projective, our next two results investigate domains in which every ideal is a Baer module. Proof: In proving that R is Priifer all we actually need is that every ideal of R is flat, which we have here by Kaplansky's theorem 2 in [7] . So for every ideal / of R, and any i?-module A, applying A ® R to the exact sequence 0-/-»R-+ R/I-+0 (3) If R is a Prϋfer domain with Ό(R) > 2, then there is an ideal / of R with hd(/) > 1. Hence, although / is flat, it is not a Baer module.
Restricting our interest now to the finitely generated ideals of a domain R, we get the following characterization of a Prϋfer domain, but here again the Baer condition is more than we actually need. THEOREM 
A domain R is Prϊifer if and only if(ϊ) the direct product of any family of flat R-modules is a flat R-module; and, (ii) every finitely generated ideal ofR is a Baer module.
Proof For R Prϋfer, an jR-module is torsion free if and only if it is flat, so (i) follows; (ii) follows since every finitely generated ideal is projective. Conversely, if / is any finitely generated ideal in R, I Baer implies / flat, by (ii); by Chase's Theorem 2.1 in [3], (i) implies that / is finitely related: that is, there exists a short exact sequence where F is free, and K y F are finitely generated i?-modules. Then by the corollary to Proposition 2.2 in [3] , we get / projective, and hence R is Prϋfer.
ί/J-Modules
At this point we shall turn our attention to a module somewhat dual to the Baer module, and start by extending Kaplansky's Theorem 3 in [7] . LEMMA 
If A is an R-module such that Έxi n R {X, A) = Ofor every torsion free R-module X, then id(A) < n.
Proof Following Kaplansky's idea in Theorem 3 in [7] , we shall show that Ext£ + x (C, A) = 0, for any module C. For given any Λ-module C, we consider the exact sequence
where JPis free, and K, consequently, torsion free. (•) then gives rise to the exact sequence
where the first module is 0 by hypothesis, while F free implies the third module is 0. Thus Ext£ +I (C, A) = 0 for any Λ-module C, and id(A) < n.
DEFINITION (Kaplansky [7] ): For any domain R, a torsion Rmodule A is called a UT-module if Extj^ (X, A) = 0 for every torsion free jR-module X.
REMARK. From Lemma 6 we see that if A is a ί/Γ-module, then ExtJ(ΛΓ, >4) = 0 for every torsion free jR-module X and for every positive integer n f and id(4) < 1.
Analogous to Lemma 2, we now have the following. (iv) If T is a UT-module and P is a finitely generated projective R-module, then T® R Pisa UT-module.
(
v) Extensions of UT-modules by UT-modules are UT-modules. (vi) // 0 -* T' -+ T -+ T" -0 is an exact sequence with T a UT-module, then T " is a UT-module if and only if Ext \ (X, T') = Ofor every torsion free R-module X. (vii) A torsion R-module T is a UT-module if and only if for every monomorphism f: B -* C with coker f torsion free, Hom Λ (/ Γ) is an epimorphism.
Proof The proofs here are more or less dual to those for Lemma 2. Closely related to the concept of a ί/Γ-module, and in some cases equivalent to it, is the concept of a cotorsion module. DEFINITION (Matlis [9] ). Let R be a domain with quotient field Q. An i?-module C is called h-reduced if Horn* (β, Q = 0. If C is h-reduced, then C is called cotorsion if Ext* (Q, Q = 0. THEOREM 
Let R be a domain with quotient field Q, and T an arbitrary torsion R-module. Then R is Dedekind if and only if T being a cotorsion module is equivalent to T being a reduced UT-module.
Proof If R is Dedekind and Γ is torsion and cotorsion, then by Nunke's Corollary 7.8 in [10] , Γis bounded. Also, R Dedekind implies that id(Γ) < 1, so by Kaplansky's Theorem 4 in [7] , Γis a [/Γ-module. By the definitions it follows that if Γis a reduced ί/Γ-module then Γis cotorsion. | Conversely, suppose that R is not Dedekind, and that Γ is any bounded torsion /^-module. Let 0 Φ r G R be a bound for Γ Since Q is torsion free, divisible here Ext* (β, Γ) = 0 for all n >: 0, implying that Γis strongly cotorsion, a concept developed by Matlis in [9] . Proof By Lemma 2 (v), (ii) follows from (i); (iii) follows from (ii), and (iv) from (iii), since a free module is projective, which, in turn, is Baer.
In order to show that (iv) implies (i), we shall use Chase's Theorem 4.3 in [3] and show that any bounded torsion i?-module Γis a ί/Γ-module. To accomplish this, by Kaplansky's Theorem 4 in [7] , it is sufficient to prove thatid(Γ)< 1. So let A be any i?-module, and consider the exact sequence
where F is free. Then by the hypothesis, K is a Baer module. The sequence (*) gives rise to the exact sequence
where the first module vanishes since ΛΓis Baer, and the third vanishes since Fis free. Consequently, id(Γ) < 1, and it follows that R is Dedekind.
Baer and t/T-ModuIes.
Our next theorem will show how Baer and ί/Γ-modules can be used in characterizing fields. The following lemma, which is Exercise 4.2 in [11] , will prove useful in this characterization; we include a proof of this lemma now for the sake of completeness. LEMMA 
IfR is a domain but not afield, then an R-module A is both injective and projective if and only if A = 0.
Proof. With the sufficiency clear, let us consider an Λ-module A that is both projective and injective.
Since R is a domain, A projective implies A is torsion free, and since A is injective we have Az*Σ a ® Q, where a = rank A. If R is not a field, then R is reduced, as is any free 7?-module, but then A = Σ a © Q is a direct summand of a reduced free jR-module, since A is projective. So if 0 Φ A, R must be a field. THEOREM 
For a domain R with quotient field Q, the following are equivalent: ( i ) Qisa Baer and R is Dedekind; (ii) Qis Baer and submodules of Baer modules are Baer; (iii) Every torsion free R-module is Baer; (iv) Every torsion R-module is a UT-module; ( v ) R = Q: that is, R is afield; (vi) Homomorphic images of Baer modules are Baer; and, (vii) Submodules of UT-modules are UT.
Proof The equivalence of (i) and (ii) follows from Theorem 10.
To prove that (ii) implies (iii), let X be a torsion free Λ-module with rank X = a. Then as R is Dedekind, X is flat so the inclusion 0 -»R -» Q induces the exact sequence O^X^R ® R X-+ Q ® R X^Σ a © ft and the result follows from Lemma 2 (ii). The equivalence of (iii) and (iv) is clear from the definitions of Baer and ί/Γ-modules.
In establishing (v), we first see that (iv) implies R is Dedekind by Chase's Theorem 4.3 in [3] . Now by (iii), Q is a Baer module, and since R is Dedekind, we conclude that Q is projective. Then as Q is also injective, and Q Φ 0, it follows from Lemma 11 that R = Q and R is a field. Consequently, we have the equivalence of (i) - (v) . Now if R is a field, every JR-module is free, so (vi) follows from (v), and (vi) then implies (iii), since every iί-module is the epimorphic image of a free i?-module.
Finally, as submodules of torsion modules are torsion, (iv) implies (vii), while the converse follows because the injective envelope of a torsion i?-module is an injective torsion module, hence a ί/Γ-module. Now as a consequence of Theorem 12 we have the following two corollaries. Proof With the other implications immediate from previous results, we note that (v) follows from (iv) because any torsion R-module is the direct limit of its finitely generated, hence bounded, submodules, which are consequently cotorsion modules.
COROLLARY 14. Let Rbea Prufer domain with quotient field Q. Then the following are equivalent: (i) R = Q: that is, R is a field; (ii) Ext j? ( , A ) commutes with direct limits for every R-module A; and, (iii) Ext

X R ( , A ) commutes with direct limits for every torsion R -module A.
Proof Since the other implications are clear, all we need to prove is that (i) follows from (iii), and this we get from Theorem 12 since every torsion free R-module is the direct limit of its finitely generated submodules and over a Prufer domain a finitely generated torsion free Rmodule is projective.
From Theorem 10 and Lemma 7 (v), we see that if submodules of Baer modules are Baer, then the homomorphkrimages of C/Γ-modules are again UT-modules. We shall now prove a partial converse to this, for a certain type of submodule of a Baer module. where Fis free. F/ K s X, a torsion free ϋ-module, implies K is pure in F 9 so by the hypothesis K is a Baer module. Applying Horn* (X, ) to (*)' gives rise to the exact sequence where Fis free, if X is torsion free, then K is pure in F, so by our hypothesis K is Baer, and consequently flat. Therefore, for any Λ-module A 9 (*) induces the exact sequence
where the end modules vanish since F, K are flat. Hence fd(X) < \, and as every ideal / of R is torsion free, wD(Λ) = sup{fd(R/I) I /an ideal of R} < 2.
To establish (ii), let T be a torsion i?-module and consider the exact sequence
where D is the injective envelope of Γ, so D/T is UT by the hypothesis. For any torsion free X, applying Horn* (X, ) to (**) induces the exact sequence where the first module is 0 by (i) and the last is 0 since B is divisible and tA is torsion. The desired isomorphism then follows from the resulting short exact sequence.
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